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ROBUST STABILITY AND PRECONDITIONING OF
DARCY-FORCHHEIMER EQUATIONS*
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Abstract. We derive parameter-robust quasi-optimal error estimates for mixed finite element
methods for the nonlinear Darcy—Forchheimer equations with mixed boundary conditions. Using
the framework of operator preconditioning, we also design efficient block preconditioners for the
linearized system that exhibit robustness with respect to the coefficients that modulate permeability
and inertia of the system. The properties of the formulation (parameter and mesh-size independence
of the convergence rates) are illustrated by means of several numerical examples.
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1. Introduction.

Scope. The Darcy—Forchheimer equations model fluid flow through porous media,
when both viscous and inertial effects are significant. While Darcy’s law describes the
linear flow proportional to the pressure gradient and is valid for slow, creeping flows,
the Forchheimer extension introduces a nonlinear correction to account for inertial
effects (manifesting itself as a term depending as a power law on the velocity magni-
tude, taking into account kinematic energy loss) that arise at moderate flow veloci-
ties. These equations have broad applications in engineering and geosciences (high-
velocity subsurface flows such as near injection or extraction wells in gas reservoirs and
conglomerate-confined aquifers, contaminant transport in environmental engineering,
and in filtration and catalytic bed reactors in chemical engineering) [27, 30] as well
as in biological systems (e.g., blood perfusion in tissues, where nonlinearity in flow
resistance can be significant) [20, 22].

Mixed finite element methods provide a natural framework for the numerical
approximation of Darcy—Forchheimer flows, as they offer local mass conservation and
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accurate flux approximations. Their construction and analysis have been addressed
through fixed-point and Newton methods [1, 3, 28, 32, 19, 25, 13], often coupled with
iterative solvers tailored to the nonlinear structure.

For Darcy and Forchheimer-type equations, which model creeping and inertial
flows, respectively, the associated saddle-point systems exhibit strong sensitivity to
variations in physical parameters such as permeability and the Forchheimer coefficient.
Robust iterative solvers require preconditioners that maintain spectral equivalence in-
dependently of these parameters. For this, we follow the framework of operator pre-
conditioning from [29] (see also the earlier works [26, 2]), which suggests linking the
preconditioning of algebraic systems with their infinite-dimensional operator counter-
part. This allows us to construct preconditioners by approximating the Riesz maps
of the continuous operators in appropriate function space norms (or duality maps in
the case of Banach spaces). For the mixed formulation of the Darcy problem, this ap-
proach yields block-diagonal preconditioners involving sums of spaces of pressure, as
developed in [5] (and also extended for Biot equations and other families of perturbed
saddle-point problems in, e.g., [9, 8, 11, 24]). However, these works do not address in
detail the error analysis, which is also expected to maintain parameter robustness.

The objective of this work is twofold. First, we specify Céa-type estimates and
convergence rates using the parameter-weighted norms, and second, we apply this ap-
proach to a (relatively simple) nonlinear extension to Darcy—Forchheimer flow equa-
tions. Obtaining uniform stability with respect to model parameters is of great in-
terest for multiphysics coupling models since the variation of coefficients across sub-
domains, or spatial scales, or different applications, can be extremely large. Also,
coupling through interfaces with other flow regimes typically implies that we cannot
simply rescale one equation, but certain compatibility of the parametrization of both
submodels must be maintained.

While operator preconditioning techniques are available for many linear ellip-
tic and saddle-point problems, developing such robust solvers for general nonlinear
saddle-point problems exhibits significant challenges. Available techniques include
multilevel, domain decomposition, operator preconditioning in the Hilbert context,
field-split algorithms, and Sobolev gradient methods, for example (see the review in
[15]). In the nonlinear Forchheimer regime, linearization techniques (e.g., Picard or
Newton) give rise to a sequence of linearized problems, for which an operator precon-
ditioning approach can be extended using variable-coefficient norm scalings following
[34]. Inspired by [33] for multiphysics couplings, using the norms induced by the
parameter-robust stability analysis, this paper proposes and analyzes simple block di-
agonal (variable) operator preconditioners for the linearized Darcy—Forchheimer sys-
tem.

In order to deal with intersections and sums of parameter-weighted function spa-
ces, from [29, 9], it is possible to prove continuous and discrete inf-sup conditions by
carefully combining auxiliary PDEs with different regularity and parameter weighting.
This approach also requires a lifting map, and then, appropriate maps are construc-
ted using the aforementioned auxiliary problems. Based on similar techniques, here
we first discuss well-posedness of three different suitable PDEs and second derive the
inf-sup stability using a lifting map in the discrete case.

Outline. The paper is organized as follows. Section 2 recalls the necessary nota-
tion, the boundary value problem, and the derivation of the weak formulation using
parameter-weighted norms. Section 3 addresses the well-posedness of the weak for-
mulation robustly with respect to model parameters, following the abstract theory
of Minty—Browder monotone operators. In section 4, we discuss the robust solvabil-
ity of the discrete problem. In addition, we present quasi-optimal error analysis and
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derive precise convergence rates for conforming discretizations of the nonlinear model
in section 4.2. Next, in section 5 we discuss how a simple variable operator precon-
ditioning can be used in this context of Banach spaces, and we conclude in section 6
with a set of numerical tests illustrating the properties of the proposed schemes.

2. Model problem.

Notation and preliminaries. Let Q@ C RY, d € {2,3}, denote a bounded domain
with Lipschitz-continuous boundary 92, on which its outward unit normal is denoted
by n.. For s >0 and t € [1,+00], we denote by L*(2) and W*!(2) the usual Lebesgue
and Sobolev spaces endowed with the norms || e ||o .o and || ®||s,,q, respectively. Note
that WO4(Q) = LY(Q). If t = 2, we write H*() in place of W*2(2) and denote the
corresponding norm by | e||s o. We denote by H the vectorial counterpart of a generic
scalar functional space H. The L?(Q) inner product for scalar-, vector-, or tensor-
valued functions is denoted by (e, ) o. We also recall the Hilbert space H(div,Q) =
{v e L*(Q) : divw € L?(Q)} endowed with the norm [[v[|3;, o = [[v[§ o + | divo]d o
Moreover, we use for t,s € [1,+00), the Banach space

H'(div,,Q) = {v e L'(Q) : divo € L*(Q)},

endowed with the norm [|v||7 g, o = [[v[l§ ;. o+ dive|l§ , o- Often, we use a subscript
I'; on the functional space to denote that the (appropriate) traces vanish on the part
of the boundary I'; C 9.

For two Banach spaces (X, | || x) and (Y, ||e||y), we denote by £(X,Y") the space
of bounded linear maps from X to Y. Let (Z,]| ®||z) be another Banach space. The
intersection and sum spaces are

XNYNZ={v:veX andveY and ve 7},
X+Y+Z={u+v+w:ueX andveY and we Z},

and their respective norms are (see [5], noting that the same norm characterization
done there for Hilbert spaces holds also for the Banach case)

Irllxevor =lIrllxtirly +rlz, Irlxeysz= it [ullx o+ ol + 2]

ueX,veY,wezZ
Furthermore, if X NY N Z is dense in X and Y and Z, then the following relation
(understood as an identification under an isometry) holds:
(2.1) (X+Y+2)=X'nY'nZ.

In addition, for a fixed positive constant «, by aX we denote the Banach space whose
elements coincide with those in X but are measured with the norm

2 2 2
[ellax=aelx.
Strong form of the governing equations. We assume that the domain boundary
0f) is decomposed between two sub-boundaries I'y, and I',, both with positive (d—1)-

Hausdorff measure. The governing equations consist in finding the discharge flux u
and pressure head p satisfying

(2.2a) klu+Flu"Pu+Vp=Ff inQ,
(2.2b) divu=g¢g in Q,
(2.2¢) u-n=0 onl,,
(2.2d) p=0 onT),.
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Here, x is the hydraulic conductivity (permeability of the porous matrix divided by
the fluid viscosity), f is a forcing vector, ¢ is a fluid source, and F > 0, r € [3,4] are
the Forchheimer coefficient and index, respectively.

Regarding the weak formulation of (2.2), we now consider generic spaces V and
Q for velocity and pressure, respectively (and to be made precise below), yielding the
following: Find (u,p) € V x Q such that
(2.3a) a(u,v) + c(u;u,v) + b(v,p) = F(v) YveV,
(2.3b) b(u,q)=G(q) YgeQ,
where for sufficiently regular V (incorporating the flux boundary condition in an
essential manner) and Q, the bilinear forms a : VxV = R, b:V x Q = R, linear

functionals F': V=R, G:Q — R, and nonlinear form c: V xV xV — R are defined,
respectively, as

a(u,v) ::/ K tu-v, b(v,q) ::7/ g dive, F(v) ::/ f-v,
Q Q Q
G(q) ::—/ng, c(w;u,v) ::/QF|w|T*2u'v.

3. Continuous robust solvability. First, we recall an abstract setting and its
solvability using the Minty—Browder framework, which we use for the well-posedness
of (2.3). A proof can be found in, e.g., [12, Theorem 3.1] (see also [13, Theorem 3.1]).

THEOREM 3.1 (abstract setting for well-posedness). Let X,Y be two reflexive
Banach spaces, A: X — X' a nonlinear map, and B: X —Y' a linear and bounded
operator, and denote by Z := {v € X : B(v) =0} the kernel of B. Assume the following:

o (Local Lipschitz continuity.) There exist v >0 and s > 2 such that

() = A@)llxr <vllu—vlix + e =vlx(lulx + vllx)*™  Yu,veX.

e (Uniformly strong monotonicity on the kernel.) For a fized w € X, there
ezists a > 0 such that

(A(u+w) — A+ w)u—v) = allu -y Vu,veZ.
o (Inf-sup stability.) There exists 8 >0 such that

sup (B(v),q)

= Blldly vgeY.
vex lvllx
v#0

Then, for each (f,g) € X' X Y’ there exists a unique (u,p) € X XY such that

(A(u),v) + (B(v),p) = (f,v) VveX,
(B(u),q)=(g,9) VqeY.

Moreover, there exists C' >0, depending only on «,, B, and s, such that
s—1
(3.1) [(w,p) | xxy <C(M(f,9) + (M(f,9)" ),

where M(f.,g) = [|fllx + lgllys + llgll5=" + A0) ] x-

Theorem 3.1 readily yields the unique solvability of (2.3) if we specify the spaces
V = Hf (div,Q) and Q = L?*(Q2). This has been established in, e.g., [32] for the
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case r = 3. However, the properties of the weak formulation (in particular, uniformly
strong monotonicity on the kernel and inf-sup condition) are not necessarily uniform
with respect to the model parameters, leading to a lack of parameter robustness of
the corresponding continuous dependence on data.

For a robust well-posedness of the Darcy—Forchheimer formulation, we consider
the following weighted spaces:

V=5 3L3(Q) NHr, (div, Q) NFTL/(Q), Q:=L3(Q) +x¥H} (Q) +F TWL (Q),
endowed with the norms

. 1
lo.o + [[divollo.o +Fr[v]ora,

3.2b = inf
(325) o ot el

7J
(q1,02,03) EL? () x HE () x W™ ()

_1
(3.2a) |jv|lv:=k"2|v

1 _1
oot+r2|ellet+F " |q3|17r’,Q]7

respectively. This choice becomes evident in the analysis to follow. We adapt the
operator preconditioning approach from [29] (used for Darcy equations in [5]) and
proceed first to show an auxiliary property of the divergence operator that allows us
to prove a parameter-robust inf-sup condition.

LEMMA 3.2. There exists an operator S satisfying the following properties:
S.eL(Q,V), |Scllzq,v) is independent of k,F, and
(3.3) (div[Sc(9)],¥) = (g,%) forallgeQ ¥ €Q.

Proof. We proceed to define S, as a bounded linear operator from three different
spaces and then invoke the duality relation between sum and intersection between
Banach spaces (2.1) to conclude that S, € L(Q', V).

Recall that r € [3,4], and let ' be such that + + L = 1. For the existence of
Se € LIWEA(Q), L7 (Q)) with ¢ € {2, 7'} and L+ L =1, let ¢ € W (Q) for a
given g € (W;E(Q))’ be the unique weak solution of the following elliptic problem
with mixed boundary conditions (owing to, e.g., [31, Chapter 7]):

(3.4) —Ap=g inQ, Vé¢-n=0 onl,, ¢=0 onl,.

Then, it suffices to define S.(g) := V¢, where V¢ € L (). This, in turn, shows
S. € L((Wlla’:(Q))’,qu (Q)) for ¢ =2 and ¢ = ' corresponding to ¢’ =2 and ¢’ =r,
respectively.

Now, for g € (L%(Q))’, let (w,r) € Hr, (div,Q) x L2(Q) be the unique solution (cf.
[7, section 7.1.2]) of

(3.5a) (w, z) + (divz,r) =0 Vz € Hp, (div, ),

(3.5b) (divw, s) = (g, s) Vs € L2(Q).

Then, we note that S, can also be defined as S.(g) := w, and therefore,

(3.6) S. € £(L*(Q),Hr, (div,)).

This completes the proof. 0

THEOREM 3.3 (parameter-robust well-posedness). Assume that f € L2(Q),g €
L2(Q). Then, there exists a_unique (u,p) € V x Q solution to (2.3). Furthermore,
there is a positive constant C, independent of the model parameters x,F, such that

(. p)llvxq < Cmax{|[ £log + llgllo.e + lglloe (I £llo.g + lglos + llgllze)? -
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Proof. In order to apply Theorem 3.1, we define the operators A: V — V' B:
V—-Q,and C:V = V' as (Au,w) := a(u,w), (Bv,p) :=b(v,p), and (C(u),w) :=
c(u;u,w), respectively. Now, set the nonlinear operator A+C': V — V’. We proceed
to verify the assumptions of Theorem 3.1 identifying X =V, Y =Q, A=A+ C,
B=B,and s=r.

Local Lipschitz continuity. For u,v,w € V, apply Hélder’s inequality to obtain

({A+ CHu),w) — ({A+ C}H(v),w)
z/gfi_l(u—'u)-'w—l—/QF(|u|r_2u—|v|T_2v)~w

0,r0F 7 [[[u] "2 — 0| "2v]|o, 0.

_1 1 1
<k Z|lu—vloar 2 [lwlon +Fr|w

Using [6, Lemma 2.1, eq. (2.1a)] to bound the second term on the right-hand side of
the above expression, we deduce that there exists a positive constant C independent
of k,F, such that

{A+C}(u),w) - ({A+C}(v),w)

—1 1 1 5oL 1
<k 2 [lu—vloor 2 lwlog +FrwloroCFr ([[uflora + [vloro)Fr lu—vlore

<|lu—v|viwlv +C(ulv + lv]v)[w - v]v]wlv,

and therefore, there holds
(37)  {A+CHu) = {A+CHw)|lv < [u—vllv + C([lullv + [v]v)]u -]y

Uniformly strong monotonicity of {A + C}(e + w). First we stress that for all
weZ:={veV:buvq =0 VqgeQ}, we can choose ¢ = divu € L%(2) C Q, and
therefore, we have the characterization Z = {v € V : divo =0}. Now, for u,v € Z and
w € V, it holds that

{A+CHu+w)—{A+C}v+w),u—"v)

://{_1|u—v|2+F/ (u+w)utw|" > = (v+w)|v+w|"?) (u—0).
Q Q

By employing [6, Lemma 2.1 and eq. (2.1b)], we deduce that there exists a constant
C > 0 depending only on the volume of €2, such that

F [ (@t wlut o) - @+ wot o)) (u-v) = CFlu- ol 0
Q

Finally, from the above inequality, taking a2 = min{1,C %}, it follows that
(3.8) {A+CYu+w) —{A+CYv+w),u—v)2alu—v|3,

where we have used that the H(div)-seminorm is zero since u,v € Z.
Inf-sup stability and boundedness of B. From the existence of the map S, defined
in Lemma 3.2, it immediately follows that

di divS.(g), ;
(dive,p) sup (divS.(9),p) _ sup {9.p)
ozvev Vv T geq ISc(@llv geq [ISe(9)llv
_ (9,p)
> [1Sell ztey vy SUP - = BlIpllq,
2@ V) 25 Tyl °
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where 8 = HSC||Z(1Q/7V) is independent of the parameters x,F, and hence, the inf-
sup condition is satisfied. Note also that the boundedness of B follows directly from
Holder’s inequality followed by an integration-by-parts and a decomposition argument
over Q. Let ¢ =q1 + ¢2 + q3 € Q, where ¢; € L2(Q),¢q2 € H%p (Q), and ¢3 € W%pr (Q).
Then,

b('va(I):b(U,(h+QZ+QB):_/QQ1 divv+/Q(Vq2)-v+/Q(Vq3)'v

1 2
< (ff ¥ ,7Q>

Z 2z 2 2 _2
) (lade+sllalie+F|
_1 . 1 L 1 _1 =
< (v lollog + [l divoloa +FF|[0llg) o) (llaslog + w2 llaello + F 7 llasl e o),

N|=

where the last inequality comes from the fact that a? + a3 + a2 < (a1 + a2 + a3)?,
for three non-negative real numbers a1, as, and az. Finally, taking the infimum over
all decompositions of ¢ € Q gives the required boundedness of b(e,e). Therefore, an
appeal to Theorem 3.1 implies the well-posedness of (2.3).

It remains to show the continuous dependence of ||(u,p)|[vxq on the data. From
(2.3a), we arrive at B*(p) =F — {A+ C}(u), and the inf-sup stability of B shows

(3.9) Ipllq < %IIB*(p)Ilv <[[Flv + [{A+ C}(u)[lv.

Also, the surjectivity of B implies that since G € Q' in (2.3b), there exists a unique
u™ € V\ Z, such that u=u + u™, where u € Z,

1
B(u™)=G, and ||Um||V§BHG||Q’~

Now, for the uniformly strong monotonicity of A + C (cf. (3.8)), we choose
u =u,v =0, and w = —u™, and then for (2.3a), we set v = w. Further, we use
the local Lipschitz continuity of A, by setting v =0 in (3.7), to conclude that

allally < {({A+CHa+u™) — {A+CHO+u™), @)
<([Fllv +{A+ C}(u )Hv')IIUIlv UF I + ™ v + ™ 1)l v

1
<[ ||Flv+ =|G]lq G ) lze|lv,
(171 + 51l + = 16T ) 1l
and hence, using also the triangle inequality, we find that
1+« 1 e
226l + 561 ).

On the other hand, from (3.9) and employing again the local Lipschitz continuity of
A+ C with v=0 in (3.7), we can invoke inequality (3.10) to arrive at

(3.10) nmw<wmw+wwv<(www

Iplla < I1E|lv + [lellv + [luly

1 1+a 1 .
SFw+awa/ |wm+ﬁpmmbﬁ

1+O[ r—1
HFIIV/+7||GIIQ + o 1IIGII
B
1
=—1(1 Fllv
- (( +A)|Fllv + ——IGlo +5T rlIGlG )

1 1+a r=1
+2(wm/ TGl + WJWH)

This concludes the rest of the proof. 0

1+a
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Note that if |T',| =0, then the weighted spaces take the form
V =r2L3(Q) NHo(div, Q) NFrL"(Q), Q=L3(Q)+r?H(Q) +F *W" (Q),

where L2(Q) = {g € L*(Q) : [,q = 0}, HY(Q) = {w € HY(Q) : [,w = 0}, and
WL'(Q) ={z€ WY (Q) : [,,2=0}. On the other hand, if |T',| =0, then
V =k 2L2(Q) NH(div, Q) NFrL'(Q), Q=L%(Q)+x>HL(Q)+F W (Q).

4. Mixed finite element method and robust solvability. Let 7, be a regu-
lar simplicial mesh defined in a bounded Lipschitz domain €2, consisting of tetrahedral
elements (or triangular elements in two dimensions) K with diameter hx. We define
the mesh size as h:= max{hg : K € T, }. Given an integer k > 0 and a generic element
K € Tp, we denote by Py (K) the space of polynomials defined locally in K with a
degree at most k, and denote by P (7) its global counterpart

Pu(Th) :=={p€L*(Q) :p|x €PR(K) VKET,}.

In addition, let RTy(7x) denote the discrete Hp , (div, £2)-conforming subspace defined
by the Raviart—Thomas elements of order k, i.e.,

RT(75) := {u € Hy, (div,Q) : u|g = [P(K)]¢ ® Pr(K)z, € QCRY K €Ty},

where we denote by fﬁ’k (K) the space of all polynomials over K of degree exactly equal
to k and @ denotes the direct sum of spaces. The discrete velocity space is RTy(7)
endowed with the V-norm (cf. (3.2a)), i.e.,

(4.1) V2V = (RTx(Th), || ¢ [lv).

The discrete gradient operator Vy, : Pi(Tn) — RT(Tp) is defined by [2, eq. (3.1)]
(4.2) (Vhan,vn) =—(divon,qn) Van € Pp(Th) and Yo, € RTk (7).
Additionally, define the following broken Sobolev spaces:

HY(T,) :={peL?Q):p|lx ecHY(K) VK ecT},
W (T) := {p € LA(Q) : plxc e W' (K) VK € Tp},
and whenever needed we add a subscript I'; denoting the part on the boundary where
the value of the function is prescribed to zero. These spaces are equipped with dis-

continuous Galerkin (DG) (broken Sobolev) seminorms |e |y 7; and |e |1, 7, , defined
as

HY(Th) > ¢ G 7, = < D IVCIEat+ Y h?l[[(]]ll%,p) ,

KeTy FeFy

W (Th) s € I¢

1
o ( S Vel S |ufn||s,T,,F) |

KeTy, FeFy,

respectively, where F}, denotes the set of facets in the mesh 7j,.
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Furthermore, we define the following weighted space for pressure, wh,ich is a sum
of the infinite-dimensional (but broken) spaces L?(Q), H%p (7r) and W;; (Th):

(4.3) Q(Th) =L2(Q) + k0L (Ti) +F W (Th).
In this space we define a broken weighted norm for any g € Q(Th) as follows:

(4.4)

. 1 _1
Il = inf (lailos + % lazh 7 + F~Hlash o)

q=q1+q2+qs
(q1,92,93)€

L2(Q)xHE (Th)x W (T3)

Finally, we define the discrete pressure space as all the functions in Py (Tr) whose
Qn(Tr) norm is bounded (see Remark 4.1),

(4.5) Qn:=r2H} 1 (Q) +LE(Q) +F 7 WL (),

where L?(Q2),H} (Q), and W,ll’T/(Q) are polynomial spaces having discrete functions
from Py (75), and equipped with the L2(Q) norm and the broken H!(73), Wh"' (T5)

seminorms, respectively.

Remark 4.1. We equip Qp, with the || e || &(,,) Rorm since we cannot compute, for

example, the continuous H'(2) and WL (Q) norms of functions in Py (7). We do
have that Qp C Q(7), but Qp, is not a subspace of Q. This entails a nonconforming
(in the pressure) scheme, requiring us to define a discrete bilinear form associated
with the discrete divergence operator by : Vi, x Qp — R as well as a discrete linear
functional Gy, : Q; — R, as follows:

br(Vh,qn) 5=—/dinth, Gn(an) iz—/g% Vv € Vi, qn € Qn.
Q Q

Then, with (4.1) and (4.5), the mixed finite element formulation of (2.2) consists
in finding (wp,pn) € Vi, X Qp such that

(4.6a) a(up,vp) + c(wp; un, vp) + by (v, pr) = F(vy) Yo, € Vy,
(4.6b) br(wn,an) =Gn(qn) Van € Q.
Similarly to the continuous case, an analysis using Vj, = (RTx(7), || ® |- (div,0)) and
Qn = (Pr(Tn), l|®llL2(q)) can be performed (using, e.g., [13, Theorem 4.1], [32, Theorem
3.5]); however, the coercivity on the kernel and inf-sup conditions (and therefore also

the stability estimates) are not necessarily robust in k,F. To achieve such robustness
we employ the weighted spaces (4.1) and (4.5).

4.1. Robust discrete solvability. First, we prove the discrete inf-sup condi-
tion, which is an essential ingredient of the proof of the parameter-robust unique
solvability theorem, which is discussed in this subsection.

LEMMA 4.1. There exists an operator Sq satisfying the following properties:

Sa € L(Q},, Vi), Sallz(q vy is independent of k,F,h, and
(4.7) (div[Sa(gn)l; ¥n) = (gn,¥n)  for all gn € Q,,n € Q.
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Proof. We first define a bounded linear operator S; from three different spaces
and then invoke the duality relations between sum and intersection between Banach
spaces (2.1) to conclude Sq € L(Q),, V).

For the existence of Sy € E((W}li%p(Q))’,LZ/(Q)) with ¢ € {2,7'}, let ¢y €
W,ll%lp(ﬂ) for a given g5 € (W,ll%p(ﬂ))’ with % + % = 1 be a unique solution of
the following weak formulation:

(4.8) (Vion, Vatn) = (gn,tn) Yoo € WE (),

owing to the Banach—Necas—Babuska theorem for elliptic proble/ms in Banach spaces
[14]. Then, it suffices to define S4(gn) := Vi, where Vi, ¢p, € LY (©2). The continuous
dependence on data coming from (4.8) also implies that ||Sa(gr)ll0,¢.0 S |lgr||. This,
in turn, shows Sy € E((W,ll’_%p (Q))’,LZI (Q)) for ¢ = 2 and ¢ = 7’ corresponding to
¢’ =2 and ¢’ =r, respectively.

Next, the existence and boundedness of Sg € L((L()),Hyr, (div,Q)) is a
direct consequence of the surjectivity of the divergence operator from Hr  (div,2)
onto L?(Q) and standard properties of the Raviart-Thomas interpolation (even in the
case of mixed boundary conditions) [7, 17]. O

Below, we prove the discrete inf-sup condition.

LEMMA 4.2 (discrete inf-sup condition). There exists a positive constant (g4,
independent of h,k, and F, such that

|(qn, divoy)|
lanllgry < Ba sup —F———
Q7w onevy,  lvnllv

Proof. As a consequence of Lemma 4.1, we can assert that

sup |(divvh,ph)|> - |(div[Sa(gn)],pn)| wp |{gn.pn)|

otonevi  vnllv Tgeqr ISalan)llv geq 1Sa(gn)liv
- [(gn, pn)|
> (|Sall z (g sup —=———— = Bal[pnllg
LQVR G cqn gl Q)
which concludes the proof. 0

The following result is on robust well-posedness of the discrete mixed problem
(4.6).

THEOREM 4.3 (parameter-robust unique solvability). Consider the weighted spa-
ces defined in (4.1) and (4.5) with the corresponding weighted norms, and assume
that f € L2(Q), g € L2(Q). Then, there exists a unique pair (up,pn) € Vi x Qn of
solutions to the discrete problem (4.6). Furthermore, there exists a positive constant
C independent of h, and the model parameters k,F, such that

4.9)  (unsan)llv o)
< Cmax{|flo. + lgloe+lglia (Ifloe+lg

0.2+ lgllya) ™"}

Proof. The discrete well-posedness analysis uses the discrete version of Theo-
rem 3.1, detailed in [13, Theorem 4.1]. The local Lipschitz continuity of the discrete
counterpart of {A 4 C} follows similarly as in Theorem 3.3, and the discrete inf-sup
condition follows from Lemma 4.2. Hence, to complete the rest of the proof, it is
enough to prove the uniformly strong monotonicity.
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Uniformly strong monotonicity of {a(e,e)+c(e;e,e)}(e+wp). Since divVy C Qp,
for all wy, € Zy, :={v, € Vi, :bp(vp,qn) =0 Vg € Qp}, we can choose g, = divuy, €
Q. Therefore, we characterize the discrete kernel as follows:

Z, = {’Uh eV :divo, = 0},
and we remark that Z, C Z, which directly follows from the characterization of Zj,.
Now, for up, vy, € Zj, and wy € Vy,, the following relation holds:
alup + wp,up —vy) + c(up + wpsup + wp,up —vy) — a(vy + Wwp,wp — V)

— c(vp + wh;Vh + Wi, up — Vi)
= / /{*1|uh — ’l)h‘2 =+ F/ ((uh + wh)|uh + wh|7~,2 — (vh =+ fwh)|vh =+ ’wh|ri2)
Q Q
(up —vp).

By employing [6, Lemma 2.1, eq. (2.1b)] we deduce that there exists a constant C' >0
independent of h, k, and F, such that

F/((Uh + wp)|un + wn| 2= (v + wp)vp + wi|"72) - (wn— v4) 2 Fllun—vallh a0,
Q

and rearranging terms we get

a(up + wp, up — vp) + c(Up + Whi Up + Wh, Up — V)
(4.10) —a(vp +wp,up —vp) — (v + Wi VL + Wi, u —vy) > Al — o3,
where we have used that the H(div)-seminorm is zero since wp, vy € Zj,. Note also
that « is independent of h, x, and F.
Thus, an appeal to the discrete version of the Theorem 3.1 ensures existence and
uniqueness of the discrete solution. Finally, the discrete stability estimate (4.9) follows

similarly to the continuous case (Theorem 3.3), and we observe that the discrete
stability constant is independent of &, x, and F. O

4.2. A priori error analysis. Now we prove a theorem on a priori error esti-
mates for the Darcy—Forchheimer model, which are robust with respect to k, h, and
F. We recall, for a given subspace Sj, of the generic Banach space (5,] e |s), the
notation dist(v, Sp) :=inf,cs, [|[v — w]|s.

THEOREM 4.4 (quasi-optimality). Let (u,p) uniquely solve the continuous model
(2.3), and let the pair (up,pr) be the solution of the discrete model (4.6). Then, the
following quasi-optimal error estimates for the velocity and pressure hold:

(4.11) |lw —uplv + ||p _ph”Q(Th) < C.(dist(u, Vi) +dist(p, Qn)),
where C, is independent of h,x, and F.

Proof. Now, define
(412) Z‘Z = {’l)hGVh:bh(’Uh,qh):G(qh) thEQh}.

Note that up, € ZJ and uj, —uj € Zy, for all uj € ZJ. From the triangle inequality, an
application of uniformly strong monotonicity of a(e,e) + c(e; e e) to the pair (uj —
uy,0) € Zy x Zy, and choosing wy, =uj in (4.10), we arrive at

alluy — quH% <a(up,up —uj) + c(up; up, up — uj)

—a(ud,up —u)) —c(ul;ul,up —uj).
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Further, adding and subtracting a(u,u, — u}) + ¢(u; u, u, — uy) on the right-hand
side of the above inequality, the following bound is obtained:

o, — w1 < o, — 1) + sy — ) — o w1, — )
—c(ul;ul, up —ud) + alwp, up — ud) + c(wp; up, up —uf)

(4.13) —a(u,up, —uj) — clu;u, up —uj).
Next, from (4.6a), we observe that

a(u,up — ui) +c(u;u, up — ui) —a(up,up — Ui) —c(up; up, up — UZ)
(4.14) =bn(un — uj,p— pa).
Then, combining (4.13), (4.14), the local Lipschitz continuity of a(e,e) + c(e;e,e),
and the boundedness of b, (e, ), we arrive at

allun —ujllv < [Ip = pullger,) + A+ lullv + l[ugllv)lle —uillv.

Finally, a use of the triangle inequality yields the estimate for the velocity error as

1 1 .
lu—unlv < =llp = prllger, + = ((1+@) + ullv + ufv)lw - u v
(4.15) < C, (dist(p, Qu) + dist(u, V1)),

where Cy := £ (14 4.)((1+@) + |lullv +[luf [[v), which is obtained by using that
dist(u,Z}) < (1+ z;) dist(u, V) (see, for instance, [17, Theorem 2.6)).

Now, for the pressure estimate, we use the inf-sup stability of by, (e, ). Let p} € Qp,
be an arbitrary element. Then, there holds

. bi (v, pr — D,
Ballpn _thQ(Th) < sup M

0#£v, €V}, lonllv
— s bn(vn,p —pp) + a(un —u,vp) + c(un; wn, vn) — c(u; uw,vp)
0#£v, EV llvnllv

<llp=phlliger,) + A+ lullv + luillv) v —wnllv,

where we have used the boundedness of b, (e,e) and a(e,e), the local Lipschitz con-
tinuity of the map w — |u|"~2u, and the boundedness of the discrete solution. Then
we choose p; as the best approximation, use the triangle inequality, and employ the
velocity estimate to obtain

(4.16) lp = pullger,) < Cg(dist(p, Qn) + dist(u, Vi),

~ 1
where C,:=1+ é + CZ (1 + |Jul|v + ||uf|lv). This concludes the proof. O

Additionally, if Z;, C Z, then we obtain the following pressure-independent esti-
mate (cf. [17, Theorem B.2]) for the velocity.

COROLLARY 4.5. Under the assumptions of Theorem 4.4, there holds
(417) ||u—uhHV§CDdist(u,Vh)

for any uf € Z3, where 0 < Cp := (1 + &) + |lullv + [Jufflv)(1 + Bfld) < 00 1§
independent of h,k, and F.
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Proof. From the characterization of Zjy, there holds by (vh,q — gn) = 0 for all
vp, € Zp. Then, from (4.6b), it is evident that w, € Z7. Now, let uj be an arbitrary
but fixed element in Z7; then uj, —uj € Zy. A use of the triangle inequality shows

lw = unllv < llu—wujllv + lun —ujllv.
Apply the uniformly strong monotonicity of a(e, ®)+c(e; e, ) to the pair (u,—uj,0) €
Z;, x Zy, and also take w;, =uj in (4.10) to arrive at
(4.18)
allun —uflR
<a(up,up —ud) + c(up; up, up —uj) —a(ul, up —uj) — c(ul;u),up —u).
Observe that, by adding and subtracting a(w,u, — uj) + c(u;u,u, — uj) on the
right-hand side of (4.18), and using (2.3a) and (4.6a), as well as the fact that by (up —
uf,qn) =0 for all g, € Qp, we deduce the following:
allup —ujllv
<bp(un,uj,p—pn) + alu,up, —uj) + c(u;uw,up —uj) —a(uy,up —uj)
— c(up; uh, up — up)
=a(u,up, —uj) + c(u;u, up, —uj) —a(uj, u, —uj) —c(ul;ul,up —uj)
<@+ lullv +luglv)llw = ujllv,

where we have used that Z; C Z in the second step, and the local Lipschitz property
of a(e,e) + c(e;e,e) in the third step. Finally, a use of the triangle inequality yields

1 - .
= wnllv < =((1+ )+ Jullv + luf |v)dist(w, Z4).

Recalling from [17, Theorem 2.6] that dist(u,Z7) < (1+ ﬁid)dist(u,Vh),where Bq is
the discrete inf-sup constant, we achieve the desired pressure-robustness. O

Let us remark that by just considering the spaces Hf. (div, Q) for the velocity
and L2(f2) for the pressure and following the approach of [32], one can obtain the
pressure and velocity error estimates separately, but they are not necessarily robust
with respect to the parameters s, F.

In order to provide a theoretical rate of convergence for the mixed FEM (4.6), we
recall the approximation properties of the subspaces involved.

Let t € (1,00) and denote by II;, : W(Q) N H(divy 4, Q) — RTx(75) the Fortin
operator and by Py, : Wht(K) — P, (K) the local orthogonal L2 projection. Then, as
a standard consequence of the Bramble-Hilbert lemma, optimal approximation, and
inverse inequalities on polynomial spaces, we can assert that

(4.19a) |v = Tpv|lmeo <Cih vl Yo e WH(Q), 1<I<k+1,
(4.19b)  ||div(v — L) ||mr0 < Cohl ™| divyl o Yo € WHH(Q), with
div(v) e WH(Q) and 0< 1<k +1,
(4.19¢)  |lg = Pugllmio <Coh "™ pliea Yge WH(Q), 0<I<k+1,
(4.19d) V(g — Pu)llo.e.x < Cahlelpliviex Yge WHHHEK), KTy, 1<k,
for 0 <m <1, where C1,C5 > 0 are independent of A and C5 > 0 is independent of h g
(see [18, sections 4.1 and 4.5] for the first three and [14] for the fourth one).

To conclude this section, the following theorem provides the theoretical rate of
convergence for (2.3), under suitable regularity assumptions on the exact solution.
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THEOREM 4.6 (convergence rates). Let (u,p) € V x Q be the solution of the
continuous problem (2.3) with the following additional regqularity conditions:

uEm_%Hl(Q)ﬁF%Wl’T(Q), divu € H/(Q), and p=pi +ps + s,
with py € H(Q), pgen%HHl(Q), and ngF_%Wl+17T/(Q),

where 1 <1 < k+ 1. Then, there exist positive constants Cy,C, > 0, independent of
h,k, and F, such that

Lo +F7 |ulln0]

1 1
+ Coht[|p1lia + K2 p2liv1,0 +F 7 [p3lis1m.0] -

_1 .
lw —wnllv + lIp = prllger,) < Ceh! [ [[ullie + || dival

Proof. We first take m =0 in (4.19a), leading to
|w —Tpul|o.r0 < Cihuli 4.0,
which we use with t € {2,7}. We also take m =0 and ¢t =2 in (4.19b), which gives
(| div(w — w0 < Cohl|ul,q,

and select 1 <[ < k4 1 for the last two displayed estimates. Therefore, owing to
Corollary 4.5, we arrive at the velocity error bound

. _1 . 1
lu — wp||lv < Cpdist(u, Vi) < CDCnghl(n 2 ||lulliq+ || divul,q +F~

ullir.0)-

For the pressure we employ the decomposition p =p; + p2 + p3, the properties of the
sum norm (4.4), apply (4.19¢) with m = 0 and t = 2, and apply (4.19d) once with
t = 2 and once with ¢ = 7/, both summed over K € T;,. We combine that with the
following trace inequality to control the jump term in the broken norms:

hi ' lp; — Pup;]

166,60 = hi I1Pup 62 0 < Cah™ |pjlisa o

where wp stands for the usual face patch. We apply this for j = 2,3 with ¢t = 2 and
t =7', and we readily obtain

1 _1
I = Prpllg g,y < 1lp1 = Pupilloe + K% |p2 — Papeli, 7, +F 7 [ps — Paps|ie 7,
1 _1
<max{Cy,Cs,Ca}h' (Ip1]i,0 + 52 [p2lis1,0 +F 7 |p3lis1,m,0)-

Then we can invoke directly the quasi-optimality estimate (4.11) to get the desired
result with Cy = Cp(2C; + Cs) and C, = Cymax{Cs,C3,Cs}. Since the last two
contributions of the pressure norm require derivatives, the L? projection only delivers
theoretical approximability if £ > 1 or if the infimum decomposition can be chosen
such that p=p; (and p, = p3 =0), i.e., if the optimal decomposition lives entirely in
the L? component. |

5. Preconditioning for the linearized Darcy—Forchheimer equations. In
this section, we define a variable operator preconditioner for the Newton linearization
of (2.3). We first rewrite this system in operator form as

(5.1) (A;C lf;) <Z> - (g) in V' x Q.
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Let us denote by H(u) the Gateaux derivative of the nonlinear operator C| i.e.,
|u|""?w at the state w in the direction of du, and consider the Newton-Raphson
linearization of (5.1). Starting from an initial guess u°,p°, and iterating on m =1, ...
until convergence, find velocity and pressure increments (du,dp) in a new space,

V x Q:= [k~ 2L2(Q) N Hr, (div, Q) N [FH(u™)] L7 ()]

(5.2) x [L2(Q) + wPHL () + [FH(u™)] " WE (Q)]
such that
(5.3)
KT+ FH(u™I B*\ (0§ F—{A+CYu™) = B*®™)\ . < v
(e D) () - (T ) v

Here, 7 denotes the identity operator at the continuous level, but for the discrete case
it stands for the corresponding mass matrix (either for velocity or pressure). Further,
we note that, in weak form, the action of the operator FH(u™)Z :V — V' reads

(FH(u™)(5u), v) = /

Flu™ 26w - v +/ F(r — 2)|u™ 4 (u™ - Su)(u™ - v).
Q Q

Then, update the solution as (u™*! p™*1) = (u™ + Ju,p™ + Jp). The next lemma is
on the solvability of the system (5.3).

LEMMA 5.1. Assume that for any w € V, the function FH(w) is in L=°(Q) and
that FH(w)(x) > C >0 a.e. in Q. Then, the problem (5.3) has a unique solution in
VxQ.

Proof. We use the classical Babuska—Brezzi theory for saddle-point problems.
The bilinear form a: V x V — R, defined as

&(uav) = a(uav) + <FH(um)(u)vv>;

is bounded in V using the Holder inequality and coercive in Z = kerB, all with
constants independent of k, F, and H(w™). Finally, the boundedness and inf-sup
condition on B have been shown in the proof of Theorem 3.3 for a different weight.
In this case, we only need to alter the scaling, thus completing the proof. |

Under the assumption in Lemma 5.1, the weighted r-Laplacian defines a coercive
and bounded operator on W%;(Q) with constants independent of the discretization
parameters. This corresponds to freezing the nonlinear coefficient at the current
iterate and using a uniformly elliptic linear operator at each step. In all numerical
experiments reported in section 6, the iterates remain in a regime where these bounds
are satisfied, and no degeneracy or loss of stability is observed.

The spaces defined in (5.2) induce a duality map that can be used for precondi-
tioning the system (5.3), which is discussed below.

THEOREM 5.2 (local preconditioner for the tangent system). Let (u™,p™) €
V x Q be the state around which the Newton—Raphson linearization is performed.
Then the block diagonal operator

(5.4)
(’P = (k1T 4+ FH(u™)Z — Vdiv)~! 0 )
0 Q=T '+ (—rA) ' — (FH(u™)]*A,) "
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is a parameter-robust preconditioner for (5.3), in the sense that the condition numbers
of the preconditioned matriz are uniformly bounded in k and F. Here, making an abuse
of notation, by [FH(u™)]""*A,. we denote the (singular) weighted p-Laplace operator
associated with the space W%:(Q) as

(FH™) A, ) = /Q FH@™ Ve[ V- Vi Ve W ().

Proof. Preconditioners for the upper diagonal block in system (5.3) can be directly
constructed following the approach of [5, eq. 7]. This straightforwardly leads to P in
(5.4). We now focus on showing that Q is a preconditioner for the pressure block.
Observe that the norm for the space Q in (5.2) can be written as

65 laly= it {lla—ela+slVelda+ FR@ Vel 0}
- WEHFP(Q)

Note that the above infimum is attained by a ¢ € H%p(Q) (therefore also in L2(Q)
and W%:(Q)) that satisfies

(5.6a) (T —vA - [FH(u™)]" A )p=¢q inQ,
(5.6b) (kYo + [FHW™)] Ve 2Ve) - n=0 on Iy,
(5.6¢) =0 onl,.

The unique solvability of (5.6) follows from the Minty—Browder framework for
monotone operators, stressing that ¢ is from a suitable dual space (following from
Sobolev embedding). Using (5.6), we obtain the following:

lgllg = llg — @lI3.0 + £l Vel o + FH@™] ™ VelF, g
= (—rAp — [FH@™) Ao, —kAp — [FH(u™)] " Avp) — £{Ap, o)
—(FH@™) A, )
= (KA = [FH™)]"*A)p, (T — kA = [FH(u™)] A )p).

Next, we employ again (5.6) to conclude that
(5.7) lally = (=rA = [FH@™)]" A0 ) (T — kA = [FH(u™)]"*Ar) " q,q).

Then, using the duality map, we readily define the canonical preconditioner Q : 9’ —-Q
associated with (5.7) by

Q= (T~ KA~ [FH™)] *A,) .

Therefore, proceeding similarly as in [29, section 3], we can assert that (5.4) is a (k,F)-
robust block diagonal preconditioner for system (5.3). This concludes the proof. 0O

The realization of Q in (5.4) requires solving a nonlinear r’-Laplacian problem,
which would indeed be computationally expensive. In practice, we do not apply the
nonlinear inverse. Instead, the nonlinear coefficient is frozen at the current iterate,
yielding a linear, weighted elliptic operator. The application of Q~! is therefore
reduced to the solution of a linear problem with variable coefficients. In the present
implementation, this linear system is solved using a sparse direct solver. However,
the formulation is fully compatible with optimal-complexity solvers.
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Let us stress that it is also possible to define a simpler preconditioner (moti-
vated by [5]) for the linearized problem (5.3) by using a Schur complement approach
(following, e.g., [29, 23, 35]) involving the space

V x Q= (k7" +FH(u™))[L*(Q) NHr, (div, Q)] x (7' + FH(u™)) " L*(Q),

where again (u™,p™) € V. x Q is the state around which the Newton-Raphson lin-
earization is performed. This space is associated with the block diagonal Riesz map

(5.8) (73 = ([v ! + FH(u™)] (T - Vdiv)) " 0 ) .

0 Q:= (gt +FH(u™)]t)!

Its parameter-robustness can be inferred from a scaling argument as in [29, Example
3.2]. Nevertheless, this preconditioner might not be of much interest in the case of
coupling with other multiphysics effects. This has been discussed at length in [5].
Note that while in the Darcy limit the operator preconditioning framework we use
coincides with that of [5], unfortunately we do not see a clear way to continuously
extend our construction to include the case of a zero Forchheimer coefficient. This is
because the scaling with negative powers of this parameter is hard-coded in the norm
and preconditioning terms, and the linear algebra breaks down for F = 0. However,
we can take positive, arbitrarily small values of this parameter (see, for instance, the
behavior for F=10"? in Example 4 of section 6).

6. Numerical results. The purpose of this section is to experimentally vali-
date the theoretical results presented in the previous sections. We verify that the
convergence rates are robust in the proposed finite element method in 2D and 3D,
and we also illustrate the performance of proposed schemes in typical porous media
flow problems. The numerical implementation is based on the open-source finite el-
ement framework Gridap [4], and the main routines can be publicly accessed from
https://github.com/ruizbaier/GridapRobustDarcyForchheimer.jl.

Example 1 (convergence against smooth solutions in 3D). Consider the
unit cube domain 2= (0,1)? along with the following manufactured solutions:

cos(mz) sin(my) sin(7z)
p(z,y,2) :=sin(wz) cos(ry) sin(nz), w(z,y,z):= | —sin(rz) cos(ry) sin(mz)
sin(ma) sin(my) cos(nz)

We set the left, bottom, and front sides of the cube as I',, and the right, top, and
back sides as I',. The forcing vector f and the fluid source g, as well as the (non-
homogeneous) essential boundary condition on the flux, are computed based on the
manufactured solutions above. We take, for this first set of examples, simply dimen-
sional unity parameters k = F = 1 and index r = 3. The error history associated
with the proposed mixed finite element method on a sequence of successively refined
partitions of the domain is presented in Table 6.1, where we also tabulate rates of
error decay computed as rate = log(e(.)/é(.))[log(h/iL)]_l7 where e, é denote errors
generated on two consecutive meshes of sizes h and iL, respectively. The results in-
dicate optimal convergence in all fields and for the two tested polynomial degrees.
Moreover, for this problem the number of Newton—Raphson iterations required to
reach a tolerance (either absolute or relative) of 1078 is up to seven. This depends
on the initial guess, and here we have used a constant velocity and pressure such that
every entry of the vector of degrees of freedom is 10~%. Sample approximate solutions

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



1638 R. DAS, H. HUTRIDURGA, A. PANI, AND R. RUIZ-BAIER

TABLE 6.1
Ezample 1. Error history against smooth manufactured solutions in 3D (errors on a sequence
of successively refined grids, convergence rates, and norm of the divergence of the discrete velocity)
for different polynomial degrees, and iteration count for the nonlinear Newton—Raphson solver. Here
we use unity parameters (and r=3) and the H3(div,Q) and L2(Q) norms for velocity and pressure,
respectively.

DoF h lw —uplls,aiv,0  rate |lp—prllo,e rate [[Pp(divus —g)llee it
Errors and convergence rates for k=0

144 0.6124 9.78e-01 * 1.80e-01 * 1.40e-15 4

1152  0.3062 5.30e-01 0.884 9.61e-02 0.907 2.24e-15 5

9216 0.1531 2.72e-01 0.965 4.88e-02 0.977 6.53e-15 5

73728  0.0765 1.37e-01 0.991 2.45e-02 0.994 1.59e-14 5

589824  0.0383 6.85e-02 0.998 1.23e-02 0.999 1.64e-13 6

4096512  0.0191 3.43e-02 0.999 6.15e-03 0.999 1.31e-13 6
Errors and convergence rates for k=1

624 0.6124 3.53e-01 * 6.32e-02 * 1.48e-14 5

4992  0.3062 9.86e-02 1.840 1.73e-02 1.871 3.33e-14 6

39936  0.1531 2.55e-02 1.950 4.42e-03 1.968 9.14e-14 6

319488  0.0765 6.45e-03 1.986 1.11e-03 1.992 2.25e-13 6

2555904  0.0383 1.62e-03 1.993 2.78e-04 1.996 1.01e-13 7

20447232  0.0191 4.07e-04 1.997 6.95e-05 1.998 2.01e-13 7

Ph

1.0e+00

— -1.0e+00

Fic. 6.1. Ezample 1. Velocity streamlines (left) and iso-contours of pressure distribution (right)
for the accuracy test of the Darcy—Forchheimer equations in 3D with unit parameters.

for velocity and pressure obtained with the second-order method (with & = 1) are
plotted in Figure 6.1. For these results, we consider the norms H?(div,{2) and L?(Q)
for velocity and pressure (with no parameter weighting).

Example 2 (experimental self-convergence with extreme parameters).
For a second run of simulations we use the domain = (0,2) x (0,1) without a
known analytical solution, setting the problem data as f =0, g = 0 and the mixed
boundary conditions as follows: u - n = 2.5y(1 — y) on the left segment, u-n =0
on the top and bottom segments, and p = 0 on the right edge. The permeability is
heterogeneous, k() = k(1 +exp(—1[10y — 5 — sin(10z)]?), and we consider the more
pronounced parameter values ko = 1078, F = 104, and r = 3. In Table 6.2 we show
the error decay where we compute experimental errors against a fine-mesh reference
solution wyef, pref(with two more refinement steps than the finest level). In the first
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TABLE 6.2
Ezample 2. Error history against a fine-mesh reference solution (experimental errors on a
sequence of successively refined grids, convergence rates, norm of the divergence of the discrete
velocity, and Newton iteration count) for different polynomial degrees. Here we use k = 108,
F=10* (and r =3), and the nonweighted (top rows) and parameter-weighted (bottom rows) norms
for velocity and pressure.

DoF h lw—uplls,aiv,0  rate lp—prllo,e  rate |[[Pp(divaup —g)llee it
Errors and convergence rates for k=0
36  0.7071 5.18e-01 * 1.01e+09 * 2.22e-16 4
84 0.3536 4.25e-01 0.285 3.88e+08 1.385 1.33e-15 6
240  0.1768 4.56e-01 -0.101 1.78e+4-08 1.127 1.35e-15 6
792 0.0884 2.77e-01 0.718 6.29e+07 1.499 4.00e-15 5
2856  0.0442 1.53e-01 0.857 1.93e+4-07 1.707 9.32e-15 5
10824 0.0221 8.29¢-02 0.884 6.53e+06 1.561 2.20e-14 5
Errors and convergence rates for k=1
120 0.7071 4.07e-01 * 1.18e4-08 * 3.02e-15 6
276  0.3536 3.70e-01 0.138 6.18e+07 0.929 8.07e-15 6
780  0.1768 2.47e-01 0.582 2.29e+07 1.434 1.39e-14 6
2556  0.0884 1.13e-01 1.136 7.71e+06 1.568 5.32e-14 7
9180  0.0442 3.74e-02 1.589 2.34e+06 1.724 2.06e-13 6
34716  0.0221 1.67e-02 1.159 6.33e+05 1.883 4.90e-13 7
DoF h llw —wnllv rate  |lp—prlger,, rate [[Pn(divun —g)lle~ it
Errors and convergence rates for k=0
36 0.7071 1.44e+4-03 * 7.16e+02 * 2.22e-16 4
84 0.3536 5.95e+02 1.276 2.67e+02 1.424 6.66e-16 6
240  0.1768 3.65e+02 0.705 1.14e+-02 1.221 1.18e-15 6
792 0.0884 1.64e+02 1.153 4.08e+01 1.490 3.00e-15 5
2856  0.0442 5.26e+01 1.642 2.16e+01 1.352 7.55e-15 5
10824 0.0221 2.18e+01 1.272 1.04e4-00 1.203 1.47e-14 5
Errors and convergence rates for k=1
120 0.7071 4.64e+02 * 1.66e+02 * 3.06e-15 6
276  0.3536 2.25e+02 1.044 3.62e+01 2.194 4.72e-15 6
780 0.1768 1.11e+02 1.017 1.29e+4-01 1.484 1.28e-14 6
2556  0.0884 3.41e+01 1.706 5.59e+00 1.211 4.45e-14 7
9180 0.0442 7.01e+00 2.282 2.56e+00 1.129 6.74e-14 6
34716  0.0221 1.16e+00 2.601 6.80e-01 1.912 1.34e-13 7

part of the table we use the nonweighted norms and we see very large errors in the
pressure and a suboptimal error decay for the velocity in the second-order case. In
contrast, for the second part of the table the errors are now measured in the weighted
norms associated with 'V and Q(75) defined in (4.1) and (4.3), respectively, where
we move the scaling of the now variable permeability inside the norm definition. We
recall from [5] that in the space Qy, the realization of the required discrete weighted
Laplacian operator that is the Riesz map for “%Hilz,Fp(Q) is as follows:

(—div(k(x)Vpr),qn) = Z (k()Von, Van)k + Z %(H(m)ﬂph]]’[[%]])ﬂ

KeTh Feshugzp

Here &, denotes the set of internal facets, 5,? denotes the set of facets lying on
the sub-boundary I', and [e] represents the jump operator across a facet (and we
adopt the convention that it reduces to the identity if the face lies on the boundary).
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F1c. 6.2. Example 2. Sample of filtration velocity magnitude, pressure profile, and heteroge-
neous permeability for the convergence test with no known analytical solution.

3
In turn, for the space F_%W}ll’%p (Q) the natural operator (duality map) is the nonlinear
discrete r’-Laplacian

(—div(Fr_4|Vph|rl_2Vph),qh>= Z Fr_4(|Vph|Tl_2Vph7V(Zh)K
KeTy,

+ S PR (Dl 2wl LD

Fegy UE}I:p

with 7/ =3 (see, e.g., [10]). However, since we require a linear operator to define the

preconditioner-induced norm, we use instead the following linearization around the
reference pressure:

ST F (Ve TP Va )k + > FA = D (et 2 Ips] [an])
KeTn Feshusgp

n Z F 4 = 2)(|Vpret |~ (VDrer - VOn)s (Vret - Van)) -
KeTy

It is observed that the rates remain optimal, as anticipated by Theorem 4.6. Snapshots
of the numerical solutions for the lowest-order scheme are shown in Figure 6.2.

Example 3 (application to filtration in highly permeable media). In this
test example, we simulate typical flow through a porous domain with large obstacles.
The domain has length of 0.1 m and includes seven circular cylinders of different sizes.
The permeability is not isotropic, but a tensor (that also needs to be scaled with fluid
viscosity). In its principal direction frame, we have

_ 1 K1 0
(61) K’O - ; ( 0 KJ2> ’

with v =10"% m2s™!, k; =5-107'° m?, and ko = 1071° m?, and the tensor is rotated
by 4.7° =0.082 rad from the z-axis, giving

k=RkroR!, where R= (Z?I?((zg _czlsrzg)) ’

The external force f has magnitude 1.3-107° ms™2, and it points in the = direction,
and we assume zero fluid source g =0. We consider an inlet boundary on the bottom
left circular arc, on which we impose a radial inlet velocity w-n = tx/|x| m/s; an
outlet boundary on the upper right circular arc, on which we impose p = 0; and on the
remainder of the boundary (including the obstacles) we set u-n = 0. Parameter values
and flow configurations have been adapted from [21]. The unstructured triangular
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F1c. 6.3. Ezample 3. Streamlines of the approximate velocity colored by wvelocity magnitude
(left) and contours of pressure distribution (right), for the flow across obstacles using the Darcy—
Forchheimer equations with anisotropic permeability. A second-order scheme (k=1) is used.

mesh has 26,184 elements, and we use for this test a second-order scheme (setting
k =1), giving a total number of 197,296 degrees of freedom (DoF's). The remaining
parameters are the Forchheimer coefficient and index, taken here as F=1m™'-p with
p=10% kg m—3, and r = 3. Finally, we note that the use of a Forchheimer correction
term is justified in this case since the Forchheimer threshold coefficient (recall that
the permeability coefficient is already scaled with viscosity in (6.1))

Fo= KJmaxF‘u|

is 0.245 (the rule suggested in [36] (see also [16]) specifies that it has to be larger than
0.1) when taking for |u| its maximum value over € (not known a priori but computed
to be 0.49). We depict in Figure 6.3 the approximate solutions, indicating the expected
filtration patterns in porous media with large obstacles. For this set of simulations
the Newton—Raphson solver took nine iterations to converge, and we stress that the
iteration count is dependent on the initial guess and parameter configuration.

Example 4 (operator preconditioning for the linearized problem). To
conclude we conduct a series of computations where the permeability x is varied over
several orders of magnitude, as well as the Forchheimer coefficient F. We also take
three values of the index r. This is done again using the domain Q = (0,1)?, the
lowest-order finite element family, and mixed boundary conditions as in Example
1. The performance of the numerical method is assessed by comparing an estimate
of the condition number of the linearized system matrix (5.3) preconditioned with
the weighted duality map (5.4), and we also inspect the number of MinRes iterations
required to solve the preconditioned system. Table 6.3 illustrates the robustness of the
proposed preconditioner across the parametric space. Additionally, the performance
of the preconditioner corresponding to the weighted Riesz map (5.8) has also been
illustrated in Table 6.4, which seems to perform slightly better than (5.4). This is a
behavior very similar to the one reported in [5], but the map (5.4) is preferable in a
multiphysics context where the scaling of the divergence component of the velocity
block is not feasible. Note also that both preconditioners are perfectly robust on r
(the three sub-tables on each table look almost identical in both condition number
and MinRes iteration count). They are also robust on h (the growth in the rows is
minimal). However, for the preconditioner induced by (5.4), there are some effects
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TABLE 6.3

Ezxzample 4. Estimated condition number and MinRes iterations required to converge, associ-
ated with the preconditioned system matrixz of the linearized Darcy—Forchheimer equations using the

preconditioner induced by (5.4).

h

Nowt

Nk

ok

F

Nt

h
v2©?

Nk

107°

3.74 (23)
3.74 (23)
3.74 (23)

4.18 (31)
4.18 (31)
4.18 (31)

4.41 (33)
4.41 (33)
4.41 (33)

107°

107°
1
104

3.74 (23)
3.74 (23)
3.74 (23)

4.18 (31)
4.18 (31)
4.18 (31)

4.41 (33)
4.41 (33)
4.41 (33)

1075)

3.65 (25)
3.65 (25)
3.65 (25)

3.82 (29)
3.82 (29)
3.82 (29)

3.57 (30)
3.57 (30)
3.59 (30)

3.5

10~4

10—9
1
10%

3.65 (25)
3.65 (25)
3.67 (25)

3.82 (29)
3.82 (29)
3.85 (29)

3.57 (30)
0)

30)

1.23 (11)
1.24 (11)
4.09 (27)

1.21 (11)
1.23 (11)
4.07 (33)

1.21 (11)
1.22 (11)
4.06 (35)

1077
1
10%

1.23 (11)
1.23 (11)
4.58 (31)

1.21 (11)
1.22 (11)
1)

(2
(2
1
(1
3.84 (3

11)
32)

NESECIER

3.57 (3
3.58 (
1.21 (11)
1.22 (
3.75 (

F

V3 2

h
Nt

Noak

4| 104

107°

1077
1
10*

3.74 (23)
3.74 (23)
3.74 (23)

4.18 (31)
4.18 (31)
4.18 (31)

4.41 (33)
4.41 (33)
4.41 (33)

1077
1
10*

3.65 (25)
3.65 (25
3.66 (25

3.82 (29)
3.82 (29
3.84 (29

3.57 (30)
3.57 (3

1077
1
10*

1.23 (11

)
)
1.23 (11)
)
3.84 (27)

1.22 (11

)
)
1.21 (11)
)
3.16 (26)

1.21 (1
1.22 (1
3.05 (26

3.57 (30
1

0)
)
1)
)
)

TABLE 6.4

Ezxample 4. Estimated condition number and MinRes iterations required to converge, associ-
ated with the preconditioned system matrix of the linearized Darcy—Forchheimer equations using the

preconditioner induced by (5.8).

T K F h r K F h
\/572 \/573 \/574 \/572 \/573 \/574
1079 [1.20 (5) 1.20 (1) 1.20 (1) 1072 [1.20 (5) 1.20 (1) 1.20 (1)
107° 1 |1.20 (5) 1.20 (1) 1.20 (1) 107° 1 [1.20 (5) 1.20 (1) 1.20 (1)
10" [1.20 (5) 1.20 (1) 1.20 (1) 10* |1.20 (5) 1.20 (1) 1.20 (1)
1077 [1.20 (6) 1.20 (6) 1.20 (6) 107 [1.20 (6) 1.20 (6) 1.20 (6)
31107 | 1 |1.20(6) 1.20(6) 1.20 (6) 3511074 1 [1.20(6) 1.20 (6) 1.20 (6)
10* [1.20 (8) 1.20 (8) 1.20 (8) 10* |1.20 (8) 1.20 (8) 1.20 (8)
1077 [1.20 (6) 1.21 (6) 1.20 (6) 1077 [1.20 (6) 1.21 (6) 1.20 (6)
1 1 [1.20(8) 1.20 (8) 1.20 (8) 1 1 |1.20(8) 1.20 (8) 1.20 (8)
10* |1.39 (13) 1.36 (13) 1.32 (11) 10* 11.69 (17) 1.62 (15) 1.53 (14)
T K F h
\/572 \/573 \/574

1079 [1.20 (5) 1.20 (1) 1.20 (1)

107° 1 [1.20(5) 1.20 (1) 1.20 (1)

10* |1.20 (5) 1.20 (1) 1.20 (1)

107Y [1.20 (6) 1.20 (6) 1.20 (6)

411074 | 1 |1.20(6) 1.20 (6) 1.20 (6)

10* |1.20 (7) 1.20 (7) 1.20 (7)

1077 [1.20 (6) 1.21 (6) 1.20 (6)

1 1 [1.20(7) 1.20 (7) 1.20 (7)

10* [1.98 (19) 1.73 (17) 1.52 (13)

of small values of k that are more noticeable in the MinRes iterations than in the

condition number.

It is evident from Table 6.4 that large values of F only seem to

affect the number of iterations when s is large too, but in applications one typically
expects large F associated with small «.

The inverse of each block in the preconditioner is applied in an abstract opera-
tor sense. In particular, we use the LinearOperator abstraction in Gridap/Julia to
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define the (linearized) weak form associated with each block of the preconditioner.
This allows us to apply a block-diagonal approximation of the preconditioning with-
out explicitly assembling or inverting the full operator. In the numerical examples
presented, each block is inverted using the sparse direct solver UMFPACK. We have
not employed multigrid solvers, as the numerical examples are of moderate size and
are intended to validate the theoretical framework rather than optimize performance.
Nevertheless, the proposed preconditioners are fully compatible with multigrid-based
approximations, and we expect the robustness with respect to x and F to be retained
under standard spectral equivalence assumptions.
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