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RISHI DAS, HARSHA HUTRIDURGA, AMIYA K. PANI, AND RICARDO RUIZ-BAIER

ABSTRACT. We derive parameter-robust error estimates for the Darcy equations with mixed boundary
conditions, drawing on the approach of [BKMT20]. Numerical experiments are presented to support the
theoretical results.

1. INTRODUCTION

Scope. Darcy’s law is a fundamental equation in hydrogeology and fluid dynamics that describes the flow
of a fluid through a porous medium. It is widely used in finite element and finite difference methods to
solve complex flow problems in porous media, particularly when dealing with heterogeneous materials
or non-linear flow behaviors. Darcy’s law has been extended to account for more complicated physical
phenomena such as non-Darcian flow, turbulent flow, and anisotropic permeability. One such example is
Darcy—Forchheimer model (see, e.g., [DHPRB26]), which is often used when the flow is not laminar, and
deviations from Darcy’s law occur at higher flow velocities.

Solving multiphysics problems, such as Biot’s consolidation problem (see, e.g., [BKMRB21]), the
Stokes-Darcy problem ([GOS11]), the Biot-Brinkman problem (see, e.g., [HKK™22]), and other impor-
tant poroelasticity models, often involves analyzing decomposed subproblems. The Darcy problem, as a
single-physics problem, arises frequently in many situations. Additionally, ensuring robust stability anal-
ysis of these systems is critical for practical applications. Finding robust solvers for such flow problems
in porous media is often based on H(div) preconditioners. The H(div)-based mixed formulation of the
Darcy problem is discussed in several works (see, e.g., [BKMT20], etc. Following the techniques outlined
in [MW11], efficient block-diagonal preconditioners have been developed in [BKMT20]. Instead of using
the traditional flux-pressure pair H(div)-L?, the approach in [BKMT20] involves weighted spaces of H(div)
and L2. A key question of interest is whether robust Céa estimates and uniform convergence rates can be
obtained in these weighted spaces.

In this article, we compute stability estimates in both continuous and discrete setups following the
approach of [BBF13] in parameter-weighted Hilbert spaces. Additionally, we derive error estimates and
convergence rates, which are robust with respect to the physical parameter «, and validate the robustness
by implementing these convergence rates. The appropriate choice of weighted spaces naturally leads to
robust preconditioners, as demonstrated by the general Riesz mapping techniques in [Kirl10], [MW11]
and the references therein. The norms corresponding to the pressure space, which is a sum space, are
non-trivial to implement. To address this, we leverage the robust preconditioners derived in [BKMT20].
The realization of the numerical discretization and the weighted norms is carried out using the Gridap
finite element software package [BV20]. We exploit the flexibility of this framework and its compatibility
with other packages in the Julia ecosystem, such as LinearOperators [0S20], to prototype natural Riesz
map preconditioners in the weighted sum space. This approach results in solvers that are robust with
respect to the physical parameter x, the permeability of the material, and the resolution of the mesh,
thus facilitating the implementation of the weighted norm in the weighted space.

Outline. The remainder of this section reviews standard facts about weighted Sobolev spaces, relevant
notation, and the variational formulation of (1.2). Section 2 provides a brief exposition of abstract
saddle point problems. Section 3 focuses on robust stability estimates in the continuous case. In Section
4, we study discrete stability estimates and extend them to derive robust Céa estimates and uniform
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convergence rates. Finally, Section 5 presents numerical results that support the theoretical arguments In
the following, we consider a simplistic mathematical model of the Darcy equation in mixed form inspired
by [BKMT20].

Notation and Preliminaries. Let Q Cc R?, d € {2, 3}, denote a domain bounded with a continuous Lipschitz
boundary 912, on which its outward unit normal is denoted by n. For s > 0 and r € [1, +o0], we denote
by L"(©2) and W*"(€2) the usual Lebesgue and Sobolev spaces endowed with the norms || e [|p o and
| |50, Tespectively. Note that WO (Q) = L"(Q). If r = 2, we write H*(Q2) in place of W*2({2) and
denote the corresponding norm by ||  ||s.o. We denote by H the vectorial counterpart of a generic scalar
functional space H. The inner product L2(Q) for functions valued as scalar, vector, or tensor is denoted
by (e,e)0q. We also recall the Hilbert space H(div, Q) = {v € L?(Q) : divv € L*(Q)} endowed with the
norm Hv||?liv’§2 = ||’U||%Q + || div "’”(2)79- Often, we use a subscript I'; on the functional space to denote that
the (appropriate) traces vanish on the part of the boundary I'; C 09.

For two Banach spaces (X, || o ||x) and (Y,]|| e ||y), we denote by £(X,Y) the space of bounded linear
maps from X to Y. The intersection and sum spaces are

XNY={v:veXandveY} and X+Y={u+v:ueXandveV},

and their respective norms are (see [BKMT20], noting that the same norm characterization done there
for Hilbert spaces holds also for the Banach case; see also [BL12])

ey = Il + Il 125y = inf - [lullx + 0]
ueX,qui’
Furthermore, if X NY is dense in X and Y, then the following relation (understood as an identification
under an isometry) holds

(1.1) (X+Y)Y=X"nY".

In addition, for a fixed positive constant «, by X we denote the Banach space whose elements coincide

with those in X but are measured with the norm || e |2 = o?|| e ||%.

Governing mathematical equations. Let Q C R%, with d € {2,3}, be a simply connected, bounded, and
Lipschitz domain occupied by a porous medium fully saturated with an incompressible fluid. Also, let
Q:=T,UTy, and T,,NT, = ¢. Let f = (f1,..., f4)T be an external body force, and let g represent mass
sources or sinks. The Darcy equations in mixed form involve determining the flux w4 and pressure p of
the incompressible fluid, which must satisfy the following system of equations:

(1.2a) klu—Vp=f inQ,
(1.2b) divu =g in Q,
(1.2¢) u-n=0 onl,,
(1.2d) p=0 only,

where £ € (0,1) represents the hydraulic conductivity, defined as the ratio of material permeability to
fluid viscosity (instead of a constant positive x, it can also be a positive defnite tensor), and n is the unit
outward normal to the boundary 0€2. The first equation suggests that fluid flow is governed by a pressure
gradient, and the second equation ensures mass conservation.

Remark 1.1. Let us remark here that k = 0 physically represents the fact that the permeability of the
fluid is zero, which means nothing but a static fluid, which is not of any physical significance. Another
point worth mentioning is that, if the boundary conditions are pure Dirichlet or pure Neumann, then that
changes the upcoming analysis as well while choosing the underlying spaces. See [BKMT20] for further
details in this regard.

Weak formulation of (1.2). We consider generic spaces V and Q for velocity and pressure, respectively
(and to be made precise in the following). The weak formulation reads as follows: Find (u,p) € V x Q
such that

(1.3a) a(u,v) +b(v,p) = F(v) Yv eV,
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(1.3b) b(u,q) = G(q) VqeQ,

where V (incorporating the flux boundary condition in an essential manner) and Q are sufficiently regular.
The bilinear forms a : VXV — R, b:V xQ — R, linear functionals F': V = R, G : Q — R, respectively,
are as follows

a(u,v) ::/leu-v, b(v,q) ::/Qq dive, F(v) ::/Qf-v, G(q) ::/ng.

2. CONTINUOUS ROBUST STABILITY

We recall an abstract setting and its solvability using the Babuska—Brezzi framework, which we shall
use it for the well-posedness of (1.3). A proof can be found in, e.g., [Gat14, Theorem 2.3].

Theorem 2.1 (Abstract setting). Let X,Y be two Hilbert spaces. Assume that a(e,e) and b(e, e) be two
bounded bilinear forms, and

Z:={veX:bvq) =0 VgeVY}
be the kernel of b(e,e), and assume that
o (Z-ellipticity) the bilinear form a(e,e) is Z-elliptic, that is, there exists a positive constant o such
that
a(u,u) > alull% Vu € Z.
o (Inf-sup condition) the bilinear form b(e,e) satisfies the inf-sup condition, that is, there exists
B > 0 such that

b(v, q
sup (v,4) > Bllqlly VgeY.
vEX HU”X
v#£0

Then, for each (f,g) € X' x Y’ there exists a unique (u,p) € X XY such that
a(u,v) +b(v,p) = f(v) Yve X,
b(v,q) =g(q) VgeY.
Moreover, there exists C' > 0, depending only on «, and B such that
(2.1) 1(w, )l x v < CUS v =+ llglly)-

For a robust well-posedness result, we now consider the following weighted spaces for velocity and
pressure as follows

(2.2) V =x2L2(Q) NHp, (div,Q),  Q=L3(Q) +x2H} (),

endowed with the following norms;

_1 .
(2.3a) [vllv = r"2[[v]o0 + [ divolloe,
1
2.3b = inf 3 .
(2:3b) lallq ot [laoe + k2 lae 0]

(q1,q2)€ L2 () x ngp ()

The following theorem proves the well-posedness of (1.3). Note that the majority of the idea remains
the same as in [BKMT20], the differences occur only due to the change in the boundary conditions. For
the sake of completeness, we provide the proof here. But before that, we prove the following lemma,
which later assists in proving the continuous inf-sup condition.

Lemma 2.2. There exists an operator S, satisfying the following properties:
S. € LQ, V), |ISllzq,vy is independent of k, and
(2.4) (div[Se(9)].¥) = (g,%) forallg € Q¢ € Q,

where B, = (||ScHE(Q’,V))_1'
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Proof. We proceed to define S, as a bounded linear operator from two different spaces, and then, invoke the
duality relation between sum and intersection between Banach spaces (1.1) to conclude that S, € £(Q', V).

Firstly, for the existence of S € E((H%p(Q))’,L%Q)), let ¢ € H%p(Q) be the unique solution (thanks
to [Gatl4, Section 2.4.2]) of the following problem with mixed boundary conditions

—A¢p=g on), Vo-n=0 only, ¢=0 onl,

Then, defining Sg := V¢, it is straightforward that S, € .C((HILP(Q))’, L?(€2)). Note that, S, satisfies all
the three properties of (2.4).

Next, to show that S, € £ (L?(Q2), Hr,, (div,)) , consider g € (LQ(Q))/ If (w, r) € Hp, (div, Q) xL2(2)
be the unique solution of

(w,z)+ (divz,r) =0 Vz € Hp,(div,Q),
(divw, s) = (g,s) Vs € L*(Q).

Then, defining S.(g) := w, one obtains S, € £ (L?(Q), Hr,, (div,)). Note that, the above mixed problem
is well-posed due to [BBF 13, Section 7.1.2].

Combining both the cases, and using the duality relation (1.1), we obtain

Se € L(k2(HE (Q)) NLA(Q),x 2L*(Q) NHr,, (div, Q) = S. € £(Q, V).

Let us now move forward with the continuous well-posedness of the weak form (1.3).

Theorem 2.3 (Robust stability). Consider the weighted spaces (2.2), and assume that f € L%(Q),g €
L2(Q). Then, there exists a unique (u,p) € V x Q solution to (1.3). Furthermore, there exists a positive
constant C independent k, such that

(2.5) 1w, p)[vxq < CUIfllv + llglla)-

Proof. We proceed to verify the assumptions of Theorem 2.1.

Continuity of a(e,e) and b(e,e). Let u,v € V. Using the Cauchy-Schwarz inequality, one obtains the
following

au,v) = 5~ u,v) < Jlul_)

2L2(Q)HUHK*%L2(Q) < HUHVHUHV

To show the continuity of b(e, ®) we use a decomposition argument. Let Q > g = go+¢q1, where go € L?(12)
and ¢ € H%p (©). Then using integration-by-parts formula and the fact that v € Hr (div, ), and the
Cauchy—Schwarz inequality, we deduce that

b(w,0) = (v v,a0) — (0, Var) < divoluaayllaolae + 100 o V010 g o
which upon using the identity ajas + azay < (a3 + a%)%(ag + aﬁ)%, with a1 = mféHvHLz(Q),ag =
lgolli2(@), as = || divolli2q), as = [[Vai || ey gives the boundedness of b(e, e) as follows.

K

1 3
b(v,q) < (H_1HUH%2(Q) + diVUH%Z(Q)) ’ <HqO\i2(Q) + ||VQ1Hi%H1(Q)> < [lv[lvllalle-

Note that, the last inequality is obtained by considering all such decompositions of ¢ = g9 + ¢q1 over Q.
Z-ellipticity of a(e,e). This follows immediately, as for all v € Z,

a(v,v) = |lv||? = |[vlR,

~3L2(Q)

noting that the H(div)-semi-norm is zero since v € Z.
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Inf-Sup condition for b(e,e). This follows directly from Lemma 2.2, as demonstrated below.

(2.6) sup (Avvop) o o (divSg,p) (9,p) 1 (9,p)

Z z > sup
vev vllv T geqr 1Sgllv T geq 1IS9llv T ISl vy geqr lgllar

where 8, := (S]lzqv)) -

It now remains to show the robust continuous dependence on the data. From the second equation of
(1.3b), we arrive at

> Bellgllas

b(’l),p) = <f,’U> - CL(’U,, ’U) Vv € V7
and then, a use of the continuous inf-sup stability (2.6) of b(e, ), shows that
Belpllq < I Fllv + llullv-

Furthermore, since Z is a closed subspace of V, u € V can be decomposed uniquely as u = u* + u, for
u* € Z, and @ € Z*. From (2.6), we note that (see for instance, [Gat14, Lemma 2.1])

b
(2.7) sup (v, q) > Bellvllv Vv € Zt.
0zqcQ lldllQ
Therefore, we now easily deduce from b(w, q) = (g, q) that
(2.8) Bellallv < llgllq-
Now, a use of the Z-coercivity of a(e, ) yields a bound on ||u*|v as given below
. . 1
(2.9) [u*llv < [[fllv + llallv < [[fllv + = llglla-
(&
From (2.8), (2.9), and using the triangle inequality, we finally obtain an estimate for ||ul||y as follows.
N . 2
(2.10) [ullv < lu’llv +llallv < [[fllv+ Zlgla-
C
For an estimate on ||p||q, we simply use (2.7) and (2.10) to obtain
2 2
(2.11) Ipllq < 2l fllv + @HQHQ'-
c c
This concludes the rest of the proof. O

3. MIXED FINITE ELEMENT METHOD

Let Ty be a regular simplicial mesh defined in a bounded Lipschitz domain €2, consisting of tetrahedral
elements (or triangular elements in two dimensions) K with diameter hx. We define the mesh size as
h := max{hg : K € Tp}. Given an integer £k > 0 and a generic element K € T}, we denote by Py(K)
the space of polynomials defined locally in K with a degree at most k, and denote by P (7}) its global
counterpart

Py(Th) := {p € L*(Q) : p|x € Pr(K), VK €Ty}.
In addition, let RT(75) denote the discrete Hr  (div, Q)-conforming subspace defined by the Raviart—
Thomas elements of order k, i.e.,

RT(75) := {u € Hp, (div, Q) : u|x = [PL(K)|* @ Pp(K)z, z € QC RY K € Tp},

where we denote by IAE{’;C(K ) the space of all polynomials over K of degree exactly equal to k and '@’ denotes
the direct sum of spaces. With this we define the discrete weighted space for the velocity as all the vector
fields in RTy(7y) such that their V norm is bounded. Equivalently, and with the aim to emphasise the
parameter-dependence, we write this space as

(3.1) V O V), =k 2L3(Q) NHy,r, (div, Q),

where L?(Q), Hy, ,, (div, Q) correspond to functions in RTy(75) equipped with the L?(2), and H(div, Q2)-
norms, respectively.
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In turn, define the discrete gradient operator Vy, : P (7) — RT,(7r) by (cf., [AFWI7, eqn. (3.1)])
(3.2) (Vran,vn) = —(divon, qn),  Yan € Pr(Th), and Yo, € RTg(Tr).
Next, we define the broken H'-space as follows
HY(Th) = {p € L*(Q) : plx € HI(K), VK €Ty},

and whenever needed we add a subscript I'; denoting the part on the boundary where the value of the
function is prescribed to zero. These spaces are equipped with DG (broken Sobolev) seminorm

1

H(T0) 5 ¢ o [CR oy = ( S Vet S hFlu[[c]]H%,F) ’

KeTy, FeF,
where F}, denotes the set of facets in the mesh 7j,.

Furthermore, we define the following weighted space for pressure, which is a sum of the infinite-
dimensional (but broken) spaces L2(), H%p:

(3.3) Q(Th) == LA(Q) + r2HE, (7).
In this space we define a broken weighted norm for any ¢ € Q(’]}L) as follows
. 1
(3.4) lalgry = ot (il + ¥ laeliz ) -
(q1,92)€
L2(Q)xHL (Th)

Finally, we define the discrete pressure space as all the functions in Py (7;,) whose Qp,(7;,) norm is bounded
(3.5) Qn = £2HLp (Q) + L3 (9),

where L7 (), H} (Q) are polynomial spaces having discrete functions from Py (75), and equipped with the
L2(Q) norm and the broken H!(7}) seminorm. The weighted mixed finite element formulation is to find
(up,pr) € Vi x Qp, satisfying

(3.6a) a(wp, vp) + bp(vn,pn) = (f,vn)  Yop € Vi,
(3.6b) br(un,qn) = (9,qn)  Van € Qp.
Here,

a(uh,’vh)Z/Hluh"vh, bh(vh,Qh)Z/thinh.
Q Q

Remark 3.1. Let us remark here that since Qy, is not a subspace of Q, the discrete formulation entails
a nonconforming scheme in the pressure term.

Next, we prove the discrete counterpart of Lemma 2.2, which will be crucial to prove the discrete
inf-sup constant.

Lemma 3.1. There exists an operator Sy satisfying the following properties:
Sa € L(Q},, Vi), ||5d||£(Q;1,Vh) is independent of k,h and
(3.7) (div[Sa(gn)]; ¥n) = (gn,on)  for all gn € Qp,¥n € Qp

Proof. We first define a bounded linear operator S; from two different spaces, and then, invoke the duality
relations between sum and intersection between Banach spaces (1.1) to conclude Sy € £(Qj},, V).

For the existence of Sy € E((H}L’FP(Q))’, L2 (€2)), let for a given g, € (H}L’Fp Q) on € H}L,Fp (©) be a
unique solution to the following discrete problem

(3.8) (Vhon, Vatn) = (gn.¥n)  Vibn € Hyp (),

owing to the Banach—Ne¢as—Babuska theorem for elliptic problems in Banach spaces [EG21].
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Then, it suffices to define Sy(gp,) := Vpon, where Vi, ¢y, € L%(Q) The continuous dependence on data
coming from (3.8) also implies that ||Sq(gn)llo.0 S |lgnl|- This, in turn, shows S; € E((H}LIP(Q))', L3 ().

Next, the existence and boundedness of Sy € L((L3(Q))",H 1, (div,Q)) comes directly as a conse-

quence of the surjectivity of the divergence operator from Hr, (div,) onto L2(Q) and the standard
properties of the Raviart-Thomas interpolation [BBF 13, Gat14]. O

The following theorem is on robust well-posedness of the discrete weak formulation.

Theorem 3.2. Consider the weighted spaces defined in (3.1) and (3.5) with the corresponding discrete
weighted norms, and assume that £ € L2(Q), g € L2(Q). Then, there exists a unique (up,pp) € Vi x Qp
solution to (3.6). Furthermore, there exists a positive constant C' independent of h, and k, such that

(3.9) I o)y, xa, < C(IFlog + llgllog).

Proof. Note that the continuity of the bilinear forms and the coercivity of a(e, e) on the kernel are similar
to the continuous case. So, it is enough to prove the discrete inf-sup condition, which is again obtained
straightforwardly by just using Lemma 3.1 as follows

o @vonml @Sl _ )
o£vnevy,  lvnllv 7 geq,  ISalgn)lv aneq, [1Salgn)llv
- [{gn. )|
> ||Sall (g sup = Ballprlliger -
LQVE) Ceqr Nlonllgy Q(7n)
where (4 := H‘SdHZ(lQ’h wv,)- This concludes the rest of the proof. O

In this part, we state and prove an a priori estimate between the exact and discrete solutions of the Darcy
equation, which is independent of x and h. We recall, for a given subspace Sy, of the generic Banach space
(S, ] ||s), the notation dist(v, Sp) := inf,es, |[v — w||s.

Theorem 3.3 (Quasi-optimal error estimate). Let (u,p) and (wp, pp) uniquely solve the continuous model
(1.3), and the discrete model (3.6), respectively. Then, there holds

2
(3.10a) |lu — up|lv < 2dist(u, Vi) + —dist(p, Qn),
Ba
2 2 )
(3.10b) lp = pullger,) < 3 dist(u, Vi) + (1 + 53>dlst(P, Qn)-

Proof. Let (uj,p;) € Vi, x Qp be an arbitrary element. For (vp,qn) € Vi, X Qp, let us subtract (3.6)
from (1.3), and using the arbitrary element (uj,pj} ), we obtain

(3.11) a(up, —up,vp) + by (vp, pn — pp) = a(uw —up,vp) + by (Vp,p —p}),
(3.12) br (up, — up, qn) = by (uw —ur, qn) -
Since (up —uj) € Vi, and (pr, —p;) € Qp, an appeal to the discrete robust stability estimates in Theorem
3.2 implies
2

lun —upllv < [lu—ullv + @HP — Prllge,)

I = Phll@. < 5l = willv + B?Hp — Phllae):
Next, we use the triangle inequality to derive the following error estimates for the flux and pressure.

2
”u - uhHV < 2d1St(u’Vh) + EdlSt(pv Qh)’
d

2 . 2 )
=l < o st Vi) + (14 2 )il )
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Note that Zj C Z produces a robust pressure estimate for the velocity.
Corollary 3.3.1. Under the assumptions of Theorem 3.3, there is

lu — up|lv < Cpdist(u, vy,),
where Cp is independent of h and k.
Proof. The proof proceeds by selecting uj € Zj, and noting that u, — uj € Zj. By the Z-coercivity of
the bilinear form a(-,-), together with the identity

a(ui - U’havh) - a(u - U?N’Uh)a Yoy, € Zy,

and choosing vy, = u% — uyp, we obtain the desired estimate. [l

Next, in order to provide a theoretical convergence rate for mixed FEM (1.3), we recall the approxi-
mation properties of the subspaces involved.

Let t € (1,00) and denote by II, : Wh{(Q) N H(divy¢, Q) — RTk(T) the Fortin operator and by
P, : WH(K) — Py(K), the local orthogonal L? projection. Then, as a standard consequence of the
Bramble—Hilbert lemma, optimal approximation, and inverse inequalities on polynomial spaces, we can
assert that

(3.14a) v — ol < Crh o]0 Yo e WH(Q), 1<I<k+1,
(3.14b) | div(v — o) lmeo < Coh!™™|diveolio Yo € WH(Q), with
div(v) e WH(Q) and 0 <1 < k+1,
(3.14c¢) g — Pagllmio < Coh'™™|pliia Vg€ WH(Q), 0<1<k+1,
(3.14d) V(g — Pug)llosx < Cabielpliviex Vg€ WTYHK), KeT,, 1<k,

for 0 < m <[, where Cy,Cs > 0 are independent of h and C3 > 0 is independent of hx (see [GMRB22,
Sections 4.1 and 4.5] for the first three, and [EG21] for the fourth one).

To conclude this section, the following theorem provides the theoretical rate of convergence for (1.3),
under suitable regularity assumptions on the exact solution.

Theorem 3.4 (Convergence rates). Let (u,p) € V x Q be the solution of the continuous problem (1.2)
with the following additional conditions of regularity:

werk zHY(Q), diveecH(Q), and p=pi+po.
with py € HZ(Q)y P2 € FJ%H[H(Q)’
where 1 <1 < k4 1. Then, there exist positive constants Cy, C, > 0, independent of h, k, such that
_1 . 1
lw = wnllv + llp = prllgry < Ceh' [572|ullio + [ divullo + Ch! [Ipi e + 52 |p2lic1.0)-

Proof. We first take m = 0 in (3.14a), which leads to
lu — Mpulloo < C1h'|ulig.
We also take m = 0 and ¢ = 2 in (3.14b), which gives
| div(u — pu)lloe < Coh'|ulio,
select 1 <1 < k+1 for the last two estimates displayed. Therefore, owing to Corollary 3.3.1, we arrive at
the velocity error bound
lu — upllv < Cpdist(w, Vi) < CpCyCah! (k72 ||u

For pressure we decompose p = p; + pe2, employ the properties of the sum norm (3.4), apply (3.14¢) to
m =0 and ¢ = 2, and (3.14d) to ¢t = 2, summed over K € Tj,. We combine that with the following trace
inequality to control the jump term in the broken norms

hips = Pupilllb.er = hi TP llor < Csh™ D111 o

Lo+ [l divulli o).
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where wp stands for the usual patch on the face. We apply this for j = 2 with ¢ = 2, and we readily
obtain

1
Ip = Prpllger,y < llpr = Papilloe + w2 [p2 — Papa|im,

< max{Cs, C3}h! (|p1|i0 + K2 Ip2li41,0)-
Then we can directly invoke the quasi-optimality estimate from Theorem 3.3, to get the desired result
with Cy = Cp(2C; + C3) and C, = ég max{Cs,C3}. Since the last two contributions of the pressure
norm require derivatives, the projection L? only delivers theoretical approximability if £ > 1 or if the
infimum decomposition can be chosen such that p = p; (and py = 0), i.e., if the optimal decomposition
lives entirely in the component L2 O

4. NUMERICAL RESULTS

The purpose of this section is to experimentally validate the theoretical results presented in the previous
section. We verify that the convergence rates are robust in the proposed finite element method and also
illustrate the performance of proposed schemes in typical porous media flow problems. The numerical
implementation is based on the open-source finite element framework Gridap [BMV22], and the main
routines can be publicly accessed from https://github.com/rishidas-04/GridapRobustDarcy.

Example la (convergence test against smooth solutions in 2D). Consider the unit square domain Q =
(0,1)? along with the following manufactured solutions

cos(mz) sin(my) > |

p(z,y) = sin(wz) cos(my), and u(z,y):= (_ sin(mz) cos(my)

We set the left and bottom sides of the square as I', and the top and right sides as I',. The forcing
vector and the fluid source g, as well as the essential boundary condition (non-homogeneous) in the
flux, are calculated based on the manufactured solutions above. We take a simple dimensional unity
parameter k = 1. The error history associated with the proposed mixed finite element method on a
sequence of successively refined partitions of the domain is presented in Table 5.1, where we also tabulate
the error decay rates calculated as rate = log(e(s)/€(s))[log(h/ h)]~!, where e, é denote errors generated

on two consecutive meshes of sizes h and h, respectively. The results indicate optimal convergence in all
fields and for the two tested polynomial degrees. Moreover, a maximum of four iterations is required by
the Newton-Raphson method to reach a tolerance (absolute or relative) of 1078 on the residual. The
approximate solutions of the samples for velocity and pressure obtained with the second-order method
(with & = 1) are plotted in Figure

Example 1b (convergence test against smooth solutions in 3D). Consider the unit cube domain = (0,1)3
along with the following smooth manufactured solutions

cos(mx) sin(my) sin(mz)
p(x,y, z) := sin(rz) cos(mwy) sin(nz), wu(x,y,z):= | —sin(rz) cos(my) sin(nz)
sin(7x) sin(my) cos(mwz)

We set the left, bottom, and front sides of the cube as I'y, and the right, top, and back sides as I',. The
forcing vector and the fluid source g, as well as the essential boundary condition (non-homogeneous) in
the flux, are calculated based on the manufactured solutions above. We take, for this first set of examples,
simply dimensional unity parameters k = 1. The error history associated with the proposed mixed finite
element method in a sequence of successively refined partitions of the domain is presented in Table 5.2,
where we also tabulate the decay rates of errors calculated as rate = log(e(s)/€(s)) [log(h/h)]~!, where e, é

denote the errors generated on two consecutive meshes of sizes h and h, respectively. The results indicate
optimal convergence in all fields and for the two tested polynomial degrees. Moreover, for this problem
the number of Newton-Raphson iterations required to reach a tolerance (either absolute or relative) of
1078 is up to seven. This depends on the initial guess, and here we have used a constant velocity and
pressure such that every entry of the vector of degrees of freedom is 10~*. Sample approximate solutions
for velocity and pressure obtained with the second-order method (with k& = 1) are plotted in Figure. For
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FIGURE 4.1. Example la. approximate velocity (left) and pressure (right) for the accuracy
test of the Darcy equations with unit parameters.
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FIGURE 4.2. Example 2. Sample of heterogeneous permeability, pressure profile, and
filtration velocity magnitude for the convergence test with reference solutions.

these results, we consider the norms H(div, Q) and L?(Q) for velocity and pressure (with no parameter
weighting).

Example 2 (Experimental self-convergence). For a second run of simulations we use the domain Q =
(0,2)x(0,1) without a known analytical solution, setting the problem data as = 0, g = 0, mixed boundary
conditions as follows u-n = 2.5y(1—y) on the left segment, u-n = 0 on the top and bottom segments, and
p = 0 on the right edge. The permeability is heterogeneous r(z) = ro(1 + exp(—3[10y — 5 — sin(10z)]?),
and we consider the more pronounced parameter values kg = 1078. In Table 5.3, we show the error
decay where we compute experimental errors against a fine-mesh reference solution e, pref(with two
more refinement steps than the finest level). In the first part of the table we use the non-weighted norms
and we see very large errors in the pressure and a sub-optimal error decay for the velocity in the second-
order case. In contrast, £or the second part of the table, errors are now measured in the weighted norms
associated with V and Q(7},) respectively, where we move the scaling of the now variable permeability
within the norm definition. We recall from [BKMT20] that in the space Qy, the realization of the discrete

weighted Laplacian operator required that is the Riesz map for K%H}%FP(Q) is as follows
. 1
(= div(s(@)Vpn), qn) = Y (5(@)Vpn, Van)k + D E(H(w)[[m]], [an])F-
K€Tn FeELUE,”

Here &, denotes the set of internal facets, 8}1; " denotes the set of facets lying on the sub-boundary I',, and
[e] represents the jump operator across a facet (and adopt the convention that it reduces to the identity
if the face lies on the boundary).



PARAMETER-ROBUST ERROR ESTIMATES FOR THE DARCY EQUATIONS

Dol h  [lu—upllave rate  |lp—palloe  rate |[Pu(div(usn) — g)[lLe
Errors and convergence rates for k = 0
20 0.7071 4.76e-01 * 2.43e-01 * 4.08e-16
80  0.3536 2.64e-01 0.848 1.29e-01 0.920 2.62e-15
320  0.1768 1.37e-01 0.949 6.52e-02 0.980 4.26e-14
1280 0.0884 6.92e-02 0.985 3.27e-02 0.995 9.02e-12
5120 0.0442 3.47e-02 0.996 1.64e-02 0.999 7.79e-11
20480 0.0221 1.74e-02 0.999 8.18e-03 1.000 3.62e-09
Errors and convergence rates for k =1
64  0.7071 1.48e-01 * 7.34e-02 * 2.88e-14
256 0.3536 4.06e-02 1.861 1.95e-02 1.911 1.80e-13
1024  0.1768 1.05e-02 1.947 4.95e-03 1.978 1.82e-12
4096 0.0884 2.67e-03 1.982 1.24e-03 1.995 1.76e-10
16384 0.0442 6.70e-04 1.994 3.11e-04 1.999 7.13e-10
65536 0.0221 1.68e-04 1.998 7.78e-05 2.000 1.08e-08
DoF  h lu—wupllv  rate |lp—pulgg, rate [Pu(div(un) —g)llLe
Errors and convergence rates for k = 0
20  0.7071 4.76e-01 * 6.33e-02 * 4.08e-16
80  0.3536 2.64e-01 0.848 1.71e-02 1.886 2.62e-15
320 0.1768 1.37e-01 0.949 4.35e-03 1.980 4.26e-14
1280 0.0884 6.92e-02 0.985 1.09e-03 1.994 9.02e-12
5120 0.0442 3.47e-02 0.996 2.73e-04 1.997 7.79-11
20480 0.0221 1.74e-02 0.999 6.84e-05 1.999 3.62¢-09
Errors and convergence rates for k =1
64  0.7071 1.48e-01 * 1.82e-01 * 2.88e-14
256 0.3536 4.06e-02 1.861 5.42e-02 1.752 1.80e-13
1024 0.1768 1.05e-02 1.947 1.41e-02 1.938 1.82e-12
4096 0.0884 2.67e-03 1.982 3.58e-03 1.983 1.76e-10
16384 0.0442 6.70e-04 1.994 8.97e-04 1.995 7.13e-10
65536 0.0221 1.68e-04 1.998 2.24e-04 1.999 1.08e-08

TABLE 4.1. Example 1a : Error history for velocity and pressure with respect to the usual
H(div, Q)-L?(Q (top rows) and the parameter-weighted norms (bottom rows) in 2D for

unit parameter Kk = 1.

11

Example 3a (operator preconditioning). The following preconditioners have been discussed in [BKMT20].

(4.1)
and

(4.2)

By - (<

—17 _ T giv) -1
By = ((/—i 7 —Vdiv)

0

k1T — k7 1V div) !

0

0
T 4 (—rA)

0>7

KT 1

).

We perform a series of computations in which the permeability « is varied by several orders of magnitude.
This is done again using the domain Q = (0, 1)2, the lowest-order finite element family, and mixed bound-
ary conditions as in Example la. The performance of the numerical method is assessed by comparing
an estimate of the condition number of the preconditioned system matrix with the preconditioners men-
tioned above, and also inspecting the number of MinRes iterations required to solve the preconditioned
system. Table 4.4 illustrates the robustness of the proposed preconditioner across the parametric space.
Additionally, the performance of the preconditioner corresponding to the weighted Riesz map (4.1) has
also been illustrated in Table 4.4, which seems to perform slightly better than (4.2). This is a behaviour
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DoF h llu —upllaivo rate |[p—opullo rate ||Py(div(up) — g)|[re
Errors and convergence rates for k = 0
144  0.7071 9.42e-01 * 1.79e-01 * 1.04e-14
1152 0.3536 5.07e-01 0.892  9.59e-02  0.902 7.09e-12
9216  0.1768 2.59e-01 0.968  4.88e-02  0.975 2.18e-09
73728 0.0884 1.30e-01 0.992  2.45e-02  0.994 6.85e-09
Errors and convergence rates for k =1
624  0.7071 3.32e-01 * 6.29e-02 * 2.3be-13
4992  0.3536 9.17e-02 1.855  1.73e-02  1.867 3.43e-12
39936 0.1768 2.36e-02 1.958  4.42e-03  1.966 2.43e-09
319488 0.0884 5.95e-03 1.988 1.11e-03  1.992 1.06e-07

TABLE 4.2. Example 1b : Error history for velocity and pressure with respect to the usual
H(div, Q)-L%(Q in 3D for unit parameter x = 1.

very similar to the one reported in [BKMT20], but the map (4.1) is preferable in a multiphysics context
where the scaling of the divergence component of the velocity block is not feasible.
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PARAMETER-ROBUST ERROR ESTIMATES FOR THE DARCY EQUATIONS

Dol h [lu—upllaive rate  |lp—pulloe rate [[Pu(div(us) — gl
Errors and convergence rates for k = 0
36  0.7071 5.28e-01 * 1.02e+-07 * 6.66e-16
84  0.3536 4.26e-01 0.309 3.86e+06 1.403 2.54e-15
240  0.1768 4.53e-01 -0.088 1.78e+-06 1.122 1.05e-14
792 0.0884 2.75e-01 0.718 6.29e+05 1.497 1.30e-12
2856  0.0442 1.52e-01 0.855 1.93e+-05 1.707 6.71le-11
10824 0.0221 8.26e-02 0.881 6.53e+04 1.561 2.88e-10
Errors and convergence rates for k =1
120 0.7071 3.81e-01 * 1.17e+4-06 * 3.06e-14
276 0.3536 3.62e-01 0.072 6.21e+05 0.915 1.21e-13
780  0.1768 2.43e-01 0.574 2.28e+05 1.443 1.69e-12
2556  0.0884 1.11e-01 1.132 7.72e+04 1.565 2.07e-12
9180 0.0442 3.73e-02 1.574 2.34e+04 1.724 1.76e-10
34716 0.0221 1.25e-02 1.579 6.37e+03 1.876 1.01e-09
DoF  h lu—unllv  rate |[lp—pulgy,, rate [[Pa(div(up) —g)lrLe
Errors and convergence rates for k = 0
36 0.7071 1.44e+03 * 7.19e+02 * 6.66e-16
84  0.3536 5.93e+02 1.275 2.65e+02 1.438 2.54e-15
240 0.1768  3.64e+02 0.705 1.14e+02 1.213 1.05e-14
792 0.0884 1.64e+02 1.153 4.08e+-01 1.489 1.30e-12
2856  0.0442 5.24e+01 1.643 1.24e+01 1.718 6.71e-11
10824 0.0221 2.17e+01 1.272 3.17e+00 1.969 2.88e-10
Errors and convergence rates for k =1
120 0.7071 4.80e+02 * 1.67e+02 * 3.06e-14
276 0.3536 2.23e+02 1.104 3.65e+01 2.199 1.21e-13
780  0.1768 1.10e+-02 1.022 1.29e4-01 1.504 1.69e-12
2556 0.0884  3.39e+01 1.699 5.59e+00 1.200 2.07e-12
9180 0.0442  6.98e+00 2.280 2.56e+00 1.129 1.76e-10
34716 0.0221 1.16e+00 2.593 6.80e-01 1.912 1.01e-09

TABLE 4.3. Example 2 : Error history for velocity and pressure with respect to the usual
parameter-independent norms (top rows) and weighted norms (bottom rows) with x =

1078,
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K 272 273 . 24 275
1079 1.2(5) 1.2(1) 12(1) 1.2(1)
1074 1.2(6) 1.2(6) 12(6) 1.2(6)
Bi| 1 1.2 (6) 12(6) 1.2(6) 1.2(6)
10* | 1.2(6) 1.2(6) 1.2(6) 1.2(6)
10° | 1.2(1) 1.2(1) 1.2(1) 1.2(1)
1079 | 3.7 (23) 4.1 (31) 4.4 (33) 4.5 (33)
1074 | 3.6 (25) 3.8 (29) 3.5(30) 3.5(32)
By | 1 |12(11) 1.2(11) 1.2(11) 1.2 (11)
104 | 1.0(4) 1.0(4) 1.0(4) 1.0(4)
10° | 1.0(3) 1.0(3) 1.0(3) 1.0(3)

TABLE 4.4. Condition numbers (with MINRES iterations in parentheses) for different
mesh sizes h and permeability s for preconditioners Bj (schur complement) and Bs
(weighted duality map corresponding to the weighted norms).
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